In this paper we generalize the results of Sharma, Awasthi and Gupta (see [11] ). We work over a field of any characteristic with q = p k elements and we give a sufficient condition for the existence of a primitive element α ∈ F p k such that f (α) is also primitive in F p k , where f (x) ∈ F p k (x) is a quotient of polynomials with some restrictions. We explicitly determine the values of k for which such a pair exists for p = 2, 3, 5 and 7.
Introduction
Let F q denote a finite field with q elements, where q = p k and p is a prime. In this paper we present results on the problem of finding pairs (α, β) of elements in F q which are related in some way, and are both primitive, i.e. both generate the multiplicative group F * q . The origins of this problem may be traced back to a question asked by A. Brauer to his former student E. Vegh about the existence of "pairs of consecutive primitive roots" in F p , meaning, in the above notation, that β = α + 1. Vegh proved that if p > 3 and ϕ(p − 1)/(p − 1) > 1/3, where ϕ is the Euler totient function, then there exists such a pair (see [13] ). Three years later he proved, among other results, that if p ≡ 1 (mod 4) then the condition ϕ(p − 1)/(p − 1) > 1/4 is enough to guarantee the existence of such pair (see [14] ). In 1985, in a series of two papers (see [1, 2] ) Cohen extended the result, proving that if q > 3 and q ≡ 7 (mod 12) then there exists such a pair of primitive elements. From there the question whether there exist pairs of primitive elements (α, β) where β is a polynomial in α was a natural one. It was considered, especially for polynomials of degree one and two, by several authors (see e.g. the survey [3] ) and in 2015 Cohen, Oliveira e Silva and Trudgian proved, among other results, that for every q > 61 there exists a pair (α, β) of primitive elements with β = aα + b, where a, b ∈ F q . For polynomials of degree two, the most recent result is by Booker, Cohen and Sutherland (see [7] ), and 1 it states that for for every q > 211 there exists a pair (α, β) of primitive elements with β = aα 2 + bα + c, with b 2 − 4ac = 0.
Of course, one can also consider pairs (α, β) of primitive elements such that β is a rational function of α, and recently several authors have studied this problem. One of the simplest case is trivial: β = 1/α is primitive if and only if α is primitive. In 2012 Wang, Cao and Feng (see [15] ) proved, among other results, that if q = 2 sn then there exists a pair (α, β) of primitive elements such that β = α + 1/α provided that n is odd, n ≥ 13 and s > 4. Two years later their result was generalized by Cohen (see [5] ), who proved, also assuming that q is a power of 2, that if q ≥ 8 then there exists a pair (α, β) of primitive elements such that β = α + 1/α. Also in 2014 Kapetanakis presented necessary conditions for the existence of a pair (α, β) of primitive elements such that β = (aα + b)/(cα + d), with a, b, c, d ∈ F q . In 2017 Anju and Sharma found necessary conditions for existence of a pair (α, β) of primitive elements such that β = (aα 2 + bα + c)/(dα + e), with a, b, c, d, e ∈ F q and q = 2 k . In 2018 Sharma, Awasthi and Gupta, again working over a finite field of characteristic two, determined conditions for the existence of a pair (α, β) of primitive elements such that β = (aα 2 + bα + c)/(dα 2 + eα + f ), with a, b, c, d, e, f ∈ F 2 k .
In the present paper we generalize the results of Sharma, Awasthi and Gupta, finding conditions that guarantee existence of a pair (α, β) of primitive elements such that β is a quotient of polynomial expressions in α. We work over a field of any characteristic with q = p k elements. Our main result is Theorem 3.2 which is used to determine the values of k for which such a pair exists, although sometimes we also need Lemma 3.5 to determine this values. The next section contains the definition of the set Γ p (m 1 , m 2 ), and basic concepts and results that will be used throughout the work. In Section 3, we present the general results about the set Γ p (m 1 , m 2 ). Finally, in Section 4 we determine the sets Γ p (3, 2) for p = 2, 3, 5 and 7.
Preliminaries
Throughout the paper, p is a prime, k is a positive integer and F q will denote a finite field with q = p k elements, and we denote by N the set of positive integers.
is a primitive pair in F q if α and β are primitive elements. It is clear that (α, β) ∈ F 2 q is a primitive pair if and only if (α, β −1 ) ∈ F 2 q is a primitive pair. The following concepts will play a crucial role in what follows.
iii) Let m 1 , m 2 ∈ N, we define Γ p (m 1 , m 2 ) as the set of positive integers k such that F p k contains an element α with (α, f (α)) a primitive pair for all f ∈ Υ p k (m 1 , m 2 ).
In [9] and [11] , the authors studied sets similar to Γ 2 (2, 1) and Γ 2 (2, 2), respectively. We comment on this similarity at the beginning of Section 4.
The next result give us some properties of the sets above. Then,
Proof.
(1) The inclusion is obvious, and for the inequality it suffices to take f 1 to be an irreducible polynmial of degree m 1 + ℓ 1 and f 2 = 1.
(2) This is a direct consequence of the fact that (α, β) ∈ F 2 q is a primitive pair if and only if (α, β −1 ) ∈ F 2 q is a primitive pair. (3) It is a direct consequence of (1) .
In what follows we will need the following result, which is a special case of [8, Theorem 5.5] .
are irreducible polynomials and n j are nonzero integers. Let χ be a multiplicative character of F q . Suppose that the rational function h(x) is not of
Thus, if α ∈ F * q is s-free then α cannot be a d-th power of an element, where d = 1 and d|s. Next, we present some easy remarks that we will use in what follows.
(2) if α is s-free for some integer s, then α is e-free, for any e | s;
From [4] we get that the characteristic function ρ s of the set of s-free elements is given by
where θ(s) := φ(s) s , µ is the Moebius's function, and ord(χ) denotes the order of the multiplicative character χ.
Main results
Let m 1 and m 2 be positive integers, our aim is to determine for which k there
For this we will need the following concept.
Definition 3.1. Let q = p k and let l 1 and l 2 be divisors of q − 1. Given f ∈ Υ q (m 1 , m 2 ) we will denote by N f (l 1 , l 2 ) the number of pairs (α, f (α)) such that
For an integer ℓ, we denote by ω(ℓ) and W (ℓ) the number of prime divisors of ℓ and the number of square-free divisors of ℓ, respectively, clearly one has W (ℓ)=2 ω(ℓ) .
and let
Using the characteristic functions ρ l 1 and ρ l 2 we have
and from the formulas for these functions we get
Let χ 1 and χ 2 be multiplicative characters of orders d 1 and d 2 , respectively, where
[10, Thm. 5.8]) that there exists a character χ of order q − 1 and and integer n i ∈ {0, 1, ..., q − 2} such that χ i (α) = χ(α n i ) for all α ∈ F * q , and observe that n i = 0 if and only if d i = 1. Hence,
To find a bound for N f (l 1 , l 2 ) we will bound the above summation according to the values of d 1 and d 2 . We consider three cases.
(i) We first consider the case where d 1 = 1 and d 2 = 1. Then n 1 = 0, n 2 = 0 and h = 1, so that
(ii) Now we deal with the case where d 1 = 1 and d 2 = 1. Then n 2 = 0 and
(iii) Lastly we consider the case where d 2 = 1, so that n 2 = 0. To boundχ(χ 1 , χ 2 )
we want to use Lemma 2.3, and we start by showing that indeed we can use it. So we assume by means of absurd that h(x) = g 1 (x)
, t(x) = x and a positive integer n with gdc(n, q −1) = 1 such that t(x) n appears in the factorization of either f 1 (x) or f 2 (x). Let's suppose that t(x) n appears in the factorization of f 2 (x), and lett(x) be an irreducible factor of
. Clearlyt(x) has degree one,t(x) = x and since F q is a perfect field we know thatt(x) appears with multiplicity one in the factorization of t(x) in F[x]. Since f 1 (x) and f 2 (x) are coprime in F q [x] they are also coprime in F[x] sot(x) nn 2 appears in the factorization of g 2 (x) q−1 . From this one may conclude that q − 1 | nn 2 , and from gcd(n, q − 1) = 1 we get q − 1 | n 2 , a contradiction. So we must have that t(x) n appears in the factorization of f 1 (x), and reasoning as above again we conclude that q − 1 | n 2 , which is impossible. Thus, if d 2 = 1 then n 2 = 0 and we get that h(x) is not of the form g(x) q−1 in F(x).
Let T h be the set of β ∈ F q such that h(β) = 0 or h(β) is not defined. If 0 ∈ T h then T h = S f and from Lemma 2.3 we have
Now we use the above estimates to bound N f (l 1 , l 2 ). In the second inequality below we use that there are φ(d 1 ) characters of order d 1 and φ(d 2 ) characters of order d 2 , so we have φ(d 1 )φ(d 2 ) pairs of such characters. From (2) and what we did above, we get
The last sum is equal to the number of pairs (d 1 , d 2 ) = (1, 1) such that d 1 | l 1 and d 2 | l 2 with d 1 and d 2 square-free, since the Moebius function returns 0 in the other cases, so
Therefore, we conclude that
and noting that (m 1 +m 2 )−q −1 2 (m 1 +m 2 +1) ≥ 0 if and only if (m 1 +m 2 )(q 1 2 −1) ≥ 1 we observe that, for a fixed q, the least value on the left occurs when m 1 + m 2 = 1, and then we must have q ≥ 4. Thus, if q ≥ 4 and q 
Proof. The left side of (5) counts every α ∈ F n q for which both α and f (α) are primitive. Observe that if α and f (α) are primitive then they are also p i ℓ-free and ℓ-free, so they are counted r + r − (2r − 1) = 1 times on the right side of (5) . For any other α ∈ F n q , from Remark 2.5, we have that either α or f (α) is not p i ℓ-free for some i ∈ {1, . . . , r}, so the right side of (5) is at most zero. Proof. Recall that θ(p i ) = 1 − 1 p i , for all i = 1, . . . , r, then we may rewrite the right side of (5) obtaining
Since θ(p i ℓ) = θ(p i )θ(ℓ), for all i = 1, . . . , r, from Equation (2) we get
for all i.
We split the set of d 1 's which divide p i ℓ into two sets: the first one contains those which do not have p i as a factor, while the seconde one contains those which are a mutiple of p i . This will split the first summation into two sums, and we get
and from the expression for N f (ℓ, ℓ) (see equation (2)) we get
From (ii) and (iii) in the proof of Theorem 3.2 and from
we conclude that
In a similar way, we can conclude that
for all i = 1, . . . , r.
Replacing those results on inequality (6) we get
.
From the hypothesis we have δ > 0, and since (m 1 + m 2 )q
For any p we have the following result.
Proof. Let {α 1 , . . . , α φ(q−1) } the set of all primitive elements of F q . Note that, if φ(q − 1) ≤ m 1 + m 2 + 1, we may choose polynomials f 1 (x) and f 2 (x) of degrees m 1 and m 2 , respectively, such that f 1 (α j )f 2 (α j ) = 0, for all j = 1, . . . , φ(q − 1) − 1, and
When p = 2 we can use the following results to gather information on the set Γ 2 (m 1 , m 2 ). The proposition below is a generalization of [9, Theorem 3.7]. Proof. Assume that 2 k −1 is a prime, then we have a total of 2 k −2 primitive elements in F 2 k , since every α ∈ F * 2 k \ {1} is primitive. Let f (x) = f 1 (x) f 2 (x) ∈ Υ 2 k (m 1 , m 2 ) and assume that 2 k − 2 > m 1 + m 2 + m. Since f 1 (x) and f 2 (x) have at most m 1 and m 2 roots, respectively, and f 1 (x) − f 2 (x) has at most m roots, with m = max{m 1 , m 2 } then there exists a primitive element α ∈ F 2 k such that f 1 (α) = 0, f 2 (α) = 0 and
Proof. Let f (x) = f 1 (x) f 2 (x) ∈ Υ q (m 1 , m 2 ) and define
The rational function f defines a function from A f to F q given by α −→ f (α). Let B f = Im f . For a given β ∈ B f there are at most m elements α ∈ A f such that f (α) = β, since α must be a zero of the polynomial f 1 (x) − βf 2 (x). Clearly we have
is a primitive pair and k ∈ Γ p (m 1 , m 2 ).
The above result cannot be extended to the case where p is an odd prime since in this case we have that q − 1 is even and φ(q − 1) + 1 m φ(q − 1) < q for any m ≥ 1. 
Proof. We note initially that
Let q − 1 = p α 1 1 · · · p α l l , where p 1 , . . . , p l are positive distinct primes, then W (q − 1) = 2 l . If p > 2 t then 2 t √ p < 1, and we get
This implies that
Remark 3.10. To illustrate the use of the above result, we take, for example, t = 6
in that Proposition and we get, for any prime p, that:
(1) If q = p k ≥ 5.6 × 10 21 then k ∈ Γ p (2, 1).
(2) If q = p k ≥ 3.2 × 10 22 then k ∈ Γ p (2, 2).
(3) If q = p k ≥ 1.2 × 10 23 then k ∈ Γ p (3, 2).
Working Examples
In [9] the authors define a set of matrices M q and for each A ∈ M q they associate a rational function λ A (x) ∈ F q (x) which is a quotient of a polynomial of degree at most 2 by another of degree at most one. In that paper they work over a finite field with 2 k elements, and they want to investigate the existence of primitive elements α such that λ A (α) is also primitive. It is easy to check that if f ∈ Υ q (2, 1) then
unless λ A (x) = x, x 2 or βx −1 for some β ∈ F q . Observe that for λ A (x) = x, x 2 or βx −1 there always exists an α ∈ F q such that (α, λ A (α)) is a primitive pair. They also define a set B of powers of 2 which satisfy a similar condition as the elements of Γ 2 (2, 1), and we get that q = 2 k ∈ B if and only if k ∈ Γ 2 (2, 1), and from [9, Theorem 1.1], we get Γ 2 (2, 1) = N \ {1, 2, 4}.
In [11] the authors define a set of matrices N 2×3 (F q ) in a similar way as it was done in [9] with the difference that in this case the associated rational function λ A (x)
is quotient of polynomials of degree two. They also want to study the existence of primitive elements α such that λ A (α) is also primitive. It is easy to see that if f ∈ Υ q (2, 2) and f / ∈ Υ q (2, 1) ∪ Υ q (1, 2), then there exists a matrix A ∈ N 2×3 (F q ) such that f = λ A (x). Observe also that Υ q (2, 1) ∪ Υ q (1, 2) ⊂ Υ q (2, 2), so Γ 2 (2, 2) ⊂ N \ {1, 2, 4}. Conversely, if A ∈ N 2×3 (F q ) then λ A ∈ Υ q (2, 2), and from [11, Theorem 1.5] we get N \ {1, 2, 4, 6, 8, 9, 10, 12} ⊂ Γ 2 (2, 2). Also in [11] the authors conclude that k ∈ Γ 2 (2, 2) for all positive integer k, with exception of k ∈ {1, 2, 4, 6, 8, 9, 10, 12}, a result that may be recovered from Proposition 2.2(3). They also prove that 1, 2, 4 / ∈ Γ 2 (2, 2) and conjecture that 6, 8, 9, 10, 12 ∈ Γ 2 (2, 2), from Proposition 3.7 we get 9 ∈ Γ 2 (2, 2). Now, we will study the set Γ p (3, 2) for p = 2, 3, 5, 7, and we start with the case where p = 2. (3, 2) . For k < 77, we used SAGEMATH (see [12] ) to factor 2 k − 1 and conclude that 2 k 2 > 5W (2 k − 1) 2 for k = 13, 17, 19 and for k ≥ 21 with the exception of k = 24, 28, 36.
Using Lemma 3.5, with q = 2 k , we get that for (3, 2) ).
From Proposition 3.6 we get that 1, 2, 3 / ∈ Γ 2 (3, 2). In [9] it is shown that for any primitive element β ∈ F 16 we have that f (β) is not primitive, where f = αx+1 x+α ∈ F 16 [x] and α ∈ F 16 is a fixed primitive element of F 16 , so 4 / ∈ Γ 2 (1, 1) and in particular 4 / ∈ Γ 2 (3, 2).
Finally, from Proposition 3.7 we get that 5, 7 ∈ Γ 2 (3, 2) and from Proposition 3.8
we get also 9 ∈ Γ 2 (3, 2). Now we proceed to study the sets Γ 3 (3, 2), Γ 5 (3, 2) and Γ 7 (3, 2). Proof. From Proposition 3.9 and using t = 6 we get that k ∈ Γ 3 (3, 2) for all k ≥ 49, k ∈ Γ 5 (3, 2) for all k ≥ 34 and k ∈ Γ 7 (3, 2) for all k ≥ 28.
From Corollary 3.3, for k ≥ 4, if p k 2 > 5W (p k − 1) 2 then k ∈ Γ p (3, 2). We used SAGEMATH (see [12] ) to factor p k − 1 and conclude that p The next tables summarize the results obtained using Lemma 3.5 for p = 3, 5, 7. Table 4 . For p = 5 we get 7, 8, 10, 12 ∈ Γ 5 (3, 2) k ℓ {p 1 , p 2 , . . . , p r } 7 2 · 3 {29, 43} Table 5 . For p = 7 we get 7 ∈ Γ 7 (3, 2) Finally from Proposition 3.6 we get that 1, 2 / ∈ Γ 3 (3, 2), 1 / ∈ Γ 5 (3, 2) and 1 / ∈ Γ 7 (3, 2).
